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Abstract—This paper studies the impact of co-channel interfer-
ences (CCIs) on the system performance of multi-hop amplify-
and-forward (AF) relaying, in a simple and explicit way. For
generality, the desired channels along consecutive relaying hops
and the CCIs at all nodes are subject to Nakagami-m fading with
different shape factors. This study reveals that the diversity gain
is determined only by the fading shape factor of the desired
channels, regardless of the interference and the number of
relaying hops. On the other hand, although the coding gain is in
general a complex function of various system parameters, if the
desired channels are subject to Rayleigh fading, the coding gain
is inversely proportional to the accumulated interference at the
destination, i.e. the product of the number of relaying hops and
the average interference-to-noise ratio, irrespective of the fading
distribution of the CCIs.
Index Terms—Amplify-and-forward (AF), co-channel interfer-
ences (CCIs), coding gain, diversity gain, multi-hop relaying.
I. INTRODUCTION
Multi-hop relaying technique is a cost-effective solution to
the pressing problem of how to extend wireless coverage and
mitigate channel impairments without extra transmit power.
The main idea behind multi-hop relaying is to exploit multiple
intermediate idle nodes between a source node and its far-end
destination to forward signals in a consecutive way. Among
different schemes for the relaying, this letter focus on the
amplify-and-forward (AF) technique due to its low complexity
for practical implementation.
When multi-hop AF relaying is practically deployed, its
achievable performance is inevitably degraded by co-channel
interferences (CCIs), coming from external interfering sources.
In order to study the effect of CCIs on the system performance,
in [1], [2] the CCIs were assumed to be subject to Rayleigh
fading and the system performance was extensively explored,
in terms of outage probability, average symbol error proba-
bility (ASEP) and ergodic capacity. Recently, assuming CCIs
to be subject to Nakagami-m fading, the outage probability,
the ASEP and the ergodic capacity were analyzed in [3]–
[5], respectively. Actually, if CCIs are subject to Nakagami-m
fading, due to extreme difficulty of mathematical tractability,
the aforementioned performance metrics cannot be uniformly
analyzed but have to be dealt with separately. Even so, the
obtained results in [3]–[5] are generally too complex to offer
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insights, in a simple and explicit way, as to what parameters
determine system performance.
In this paper, we investigate multi-hop cooperative AF re-
laying system in the presence of CCIs subject to Nakagami-m
fading. Our purpose here being to gain insights into the system
performance in a simple and explicit way, we particularly
investigate the impact of Nakagami-m faded interferences on
the system. To this end, we exploit lower and upper bounds
on the end-to-end signal-to-interference ratio (SIR) of multi-
hop AF relaying transmission and derive their distribution
functions. Afterwards, the resultant distribution functions are
applied to analyze the diversity gain and the coding gain of
the considered system, which are two key indicators of outage
probability and ASEP at high signal-to-noise ratio (SNR).
Our results disclose that the diversity gain of multi-hop AF
transmission in the presence of CCIs is determined only by the
fading shape factor of the desired channels, regardless of the
CCIs and the number of relaying hops. On the other hand,
the coding gain is explicitly obtained in terms of various
system parameters. In particular, if the desired channels are
subject to Rayleigh fading, the coding gain is shown to be
inversely proportional to the accumulated interference at the
destination, i.e. the product of the number of relaying hops
and the average interference-to-noise ratio, irrespective of the
fading distribution of the CCIs. This is the first time to disclose
the effect of interference accumulation in multi-hop relaying
impaired by interferences, in parallel to the well-known effect
of noise accumulation in multi-hop relaying affected only by
thermal noises [6].
In detailing the above highlighted contributions, the rest of
the letter is organized as follows. Section II details the system
model. Then, the distribution functions of the lower and upper
bounds on the end-to-end SIR are developed in Section III.
Subsequently, the system performance is extensively analyzed
and discussed in Section IV and, finally, concluding remarks
are provided in Section V.
II. THE SYSTEM MODEL
Figure 1 illustrates a generic model of multi-hop cooperative
AF relaying system in the presence of CCIs, where the source
node R0 communicates with its destination RK through the
assistance of K − 1 consecutive AF relays. It is assumed
that all nodes in the system are equipped with a single half-
duplex omnidirectional antenna each. All nodes work in a
time-division multiple access (TDMA) fashion and equal time
slots of a transmission frame are allocated to each node.
Moreover, only one node transmits to its next neighbor along
the multi-hop link during each time slot, with a fixed transmit
XXXXXX c© 2013 IEEE
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Fig. 1. System model of multi-hop cooperative amplify-and-forward trans-
mission in the presence of co-channel interferences. The desired channels fi
and the interfering channels hi,∀i ∈ [1,K], are subject to Nakagami fading
with different shape parameters.
power P . Each relaying node along the multi-hop path and the
destination node are interfered by different external interfering
sources (cf. hi, ∀i ∈ [1,K], in Fig. 1).
For generality of subsequent performance analysis, the
desired channel fi of the ith-hop (i.e. the link from Ri−1
to Ri as shown in Fig. 1) and the CCI hi at Ri, ∀i ∈ [1,K],
are assumed to be subject to Nakagami-m fading with shape
factors αi and βi, respectively. Specifically, the probability
density function (PDF) of |fi|2 can be explicitly given by
f|fi|2(x) =
αi
Γ(αi) γ¯Di
(
αi
γ¯
Di
x
)αi−1
exp
(
− αi
γ¯
Di
x
)
(1)
where Γ(x) =
∫∞
0 t
x−1e−t dt, ∀x > 0, denotes the Gamma
function, γ¯
Di
denotes the average SNR of the desired channel
at the ith hop. The PDF of |hi|2 can be defined like (1), yet
with the parameters (αi, γ¯Di) replaced by (βi, γ¯Ii), where γ¯Ii
stands for the average interference-to-noise ratio (INR) of the
CCI at the ith relay.
Then, the received SIR at the ith relaying hop is shown as:
γi =
P |fi|2
|hi|2 , (2)
where the thermal noise at the relay Ri is ignored since the
system under study is assumed interference-limited. Further-
more, using a similar procedure to that in [2], the end-to-end
SIR from the source node, R0, to its final destination, RK ,
can be easily shown to be given by
γe2e =
(
K∑
i=1
1
γi
)−1
. (3)
Remark 1 (Number of interfering signals). In this paper, we
consider that each relaying node or the final destination is
affected by a single interferer. Actually, if N > 1 independent
and identically Nakagami-m faded interferes are considered,
they can be exactly expressed by a single Nakagami-m faded
interferer with shape factor mN , by recalling the fact that
the sum of multiple independent and identically Gamma-
distributed random variables is still Gamma-distributed. Also,
if N > 1 independent but non-identically Nakagami-m faded
interferes are assumed, they are still equivalent to a single
Nakagami-m faded interferer by using the moment matching
method, see e.g. [7], [8].
III. THE LOWER AND UPPER BOUNDS ON THE
END-TO-END SIR
In order to facilitate the mathematical tractability on the
statistics of the end-to-end SIR γe2e given by (3), we investi-
gate the lower and upper bounds on γe2e. These bounds facili-
tate, otherwise extremely tedious, mathematical manipulations
[3]–[5]. More importantly, they enable gaining illuminating
insights into system performance in terms of the diversity and
coding gains, as shown in the next section. Specifically, in light
of (3), it follows that the end-to-end SIR is upper bounded by
γe2e ≤
(
max
i=1,··· ,K
1
γi
)−1
= min
i=1,··· ,K
γi. (4)
On the other hand, it is clear that γe2e is lower bounded by
γe2e ≥
(
K max
i=1,··· ,K
1
γi
)−1
=
1
K
min
i=1,··· ,K
γi. (5)
As a consequence, combining (4) and (5) yields the lower and
upper bounds on γe2e, namely,
1
K
min
i=1,··· ,K
γi︸ ︷︷ ︸
γlower
e2e
≤ γe2e ≤ min
i=1,··· ,K
γi︸ ︷︷ ︸
γ
upper
e2e
. (6)
Moreover, it is observed from (6) that
γlowere2e =
1
K
γuppere2e . (7)
In the sequel, we derive the distribution function of the
upper bound γuppere2e . That of the lower bound γlowere2e follows
in a straightforward manner. To this end, we first need the
PDF of V , |fk|2/|hk|2. By virtue of (1), it is clear that V
is the ratio of two Gamma-distributed variables and, thus, its
PDF is of the beta distribution of the second kind, given by
fV (x) =
a1
B(αi, βi)
(a1x)
αi−1(1 + a1x)
−(αi+βi), (8)
where B(p, q) =
∫ 1
0
xp−1(1− x)q−1 dx, ∀p, q > 0, denotes
the beta function, and a1 , αi γ¯Ii/(βi γ¯Di). Then, by (8), the
PDF of γi = PV as shown in (2) can be easily expressed as
fγi(x) =
a2
B(αi, βi)
(a2x)
αi−1(1 + a2x)
−(αi+βi), (9)
where a2 , αi γ¯Ii/(Pβi γ¯Di). Then, by integrating fγi(γ)
shown in (9) with respect to x and appealing to [9, Eq.
(3.194.1)], we obtain the CDF of γi, namely,
Fγi(x) =
(a2x)
αi
αiB(αi, βi)
2F1 (αi, αi + βi;αi + 1;−a2x) ,
(10)
where 2F1(a, b; c;x) is the Gaussian hypergeometric function
[9, Eq. (9.100)].
With the resultant (10) and by recalling the theory of order
statistics, the CDF of the upper bound on the end-to-end SIR
shown in (6) can be expressed as
Fγupper
e2e
(x) = 1−
K∏
i=1
[1− Fγi(x)]. (11)
Case I (Symmetric Channels): If the desired channels
along consecutive relaying hops are symmetric (i.e. αi , α
and γ¯
Di
, γ¯
D
, ∀i ∈ [1,K]) and the interfering channels at
all nodes are symmetric as well (i.e. βi , β and γ¯Ii , γ¯I ,
∀i ∈ [1,K]), the CDF in (11) reduces to
Fγupper
e2e
(γ) = 1− [1− Fγsym(x)]K , (12)
where Fγsym(x) =
(a3x)
α
αB(α,β) 2F1 (α, α+ β;α+ 1;−a3x) with
a3 , α γ¯I/(Pβ γ¯D).
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Case II (Non-Symmetric Channels): In reality, of course,
the symmetry assumed in the above Case I may not always be
satisfied. In such a case, by recalling the fact that the end-to-
end SIR is dominated by the worst hop among K consecutive
hops, as implied by (6), we may choose the worst hop as a
benchmark and set the parameters of other hops to be identical
to those of this worst hop so as to obtain an approximated
expression of (11). Specifically, the worst hop can be identified
as follows. Since the received SIR at ith-hop (i.e. γi as shown
in (2)) is of the beta distribution of the second kind as shown
in (9), it is not hard to show that the mean of γi is given by
γ¯i =
αi
a2(βi − 1) =
Pβiγ¯Di
(βi − 1)γ¯Ii
. (13)
As a consequence, by using the minimum average SIR crite-
rion, the worst hop among K consecutive relaying hops can
be explicitly determined by
iˆ = arg min
i=1,··· ,K
Pβiγ¯Di
(βi − 1)γ¯Ii
. (14)
Accordingly, (11) can be approximated by
Fγupper
e2e
(x) ≈ 1− [1− Fγ
iˆ
(x)
]K
. (15)
With the resultant CDF of the upper bound given by (11),
(12) or (15) and in light of the relation shown in (7), it is clear
that the CDF of the lower bound γlowere2e can be expressed as
Fγlower
e2e
(γ) = Fγupper
e2e
(Kx). (16)
IV. PERFORMANCE ANALYSES AND DISCUSSIONS
A. Outage Probability
With the resultant CDFs of the lower and upper bounds
on the end-to-end SIR and by recalling the fact that outage
probability is a monotonically decreasing function of the end-
to-end SIR, the outage probability can be readily shown to be
bounded by
Fγupper
e2e
(γ
th
) ≤ Poutage(γth) ≤ Fγlower
e2e
(γ
th
) . (17)
In order to confirm the effectiveness of the lower and upper
bounds in (17), extensive simulation experiments were per-
formed to compare the simulation results of outage probability
with the numerical ones computed by (17). In the Monte-Carlo
simulations conducted, all desired channels along the multi-
hop relaying link were subject to Nakagami-m fading with
the same shape factor α while the CCIs at each node were
subject to similar fading but with shape factor β. The variance
of thermal noise at each node was set to unity; the transmit
power and the INR at each node were defined in the unit of
dB with respect to the noise variance.
Figure 2 shows the outage probability of a 3-hop AF
relaying in the presence of CCIs, where the value of the fading
shape factor of the CCIs was fixed to 1 (i.e. β = 1) whereas
the fading parameter of the desired channels along the relaying
link was varied (α = 1.2, 2.3). It is observed that, for any
given values of (α, β), the simulation results are very tight
with the lower bound, particularly in the medium and high
SNR regions. On the other hand, it is seen that, for a fixed
value of β, increasing the value of α improves the outage
probability significantly, as expected.
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Fig. 2. Outage probability of a 3-hop AF relaying with different fading
shape factors α, under a given β = 1.
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Fig. 3. Outage probability of a K-hop AF relaying (K = 2, 6) with different
fading shape factors β, under a given α = 1.
Figure 3 shows the outage probability of a K-hop AF
relaying (K = 2, 6) in the presence of CCIs, where the value
of α was fixed to 1 whereas the value of β changed from
0.8 to 1. It is shown that, for either K = 2 or K = 6, the
simulation results are still very tight with the lower bound in
the medium and high SNR ranges. Moreover, we can see that
increasing the number of relaying hops (i.e. K) deteriorates
the outage probability. On the other hand, for a fixed value of
K , one can get surprised to find that changing the value of β
(i.e. the fading shape factor of the CCIs) does not change the
outage probability (either the upper bound, the lower bound, or
the simulation results) at all. The fundamental reasons behind
these observations will be revealed in the next section.
B. Diversity and Coding Gains
Here, we derive the diversity gain and the coding gain of the
multi-hop AF relaying in the presence of CCIs, which are two
key indicators of outage probability and ASEP at high SNR.
According to [10], if the limit of the PDF of the end-to-end
SIR can be expressed as
lim
x→0
fγe2e(x) = bx
t + o
(
xt+ǫ
)
, (18)
where b, ǫ > 0 and o( . ) pertain to the Landau notation defined
as limx→0 |o(x)/x| = 0, then the diversity and coding gains
are given by
Gd = t+ 1 (19)
IEEE WIRELESS COMMUNICATIONS LETTERS, ACCEPTED FOR PUBLICATION 4
and
Gc = l
(
2t bΓ(t+ 32 )√
π(t+ 1)
)− 1
t+1
, (20)
respectively, where l is a positive constant pertaining to the
used constellation, e.g. l = 2 for binary phase-shift keying.
Now, it is ready to derive the diversity and coding gains
of the system under study. Since (15) has a similar form to
(12), in the following we focus on the symmetric case. The
non-symmetric case can be analyzed in a similar way.
At first, differentiating the CDF (12) of the upper bound on
the end-to-end SIR with respect to x yields its PDF:
fγupper
e2e
(x) = Kfγsym(x)[1 − Fγsym(x)]K−1, (21)
where fγsym(x) denotes the differential of Fγsym(x) with
respect to x, which, in view of Fγsym(x) given immediately
after (12) and the differential relation from (10) to (9), can be
readily expressed as
fγsym(x) =
a3
B(α, β)
(a3x)
α−1(1 + a3x)
−(α+β). (22)
Then, inserting (22) into (21) and taking limit as x→ 0 yields
lim
x→0
fγupper
e2e
(x) =
Kaα3
B(α, β)
xα−1 + o
(
xα−1
)
. (23)
Afterwards, comparing (23) with (18) leads to t = α− 1 and
b = Kaα3 /B(α, β). As a result, substituting them into (19)-
(20) and performing some algebraic manipulations, we obtain
Gd = α, (24)
Gc =
lPβγ¯D
αγ¯I
( √
π αB(α, β)
2α−1K Γ(α+ 12 )
) 1
α
. (25)
Equation (24) implies that, for multi-hop AF relaying in the
presence of CCIs, the achievable diversity gain is determined
only by the fading shape factor of the desired channels,
regardless of the CCIs and the number of relaying hops. This
is in agreement with the observation in Fig. 2 where the slopes
of all curves increase with the value of α, and the observation
in Fig. 3 where the slopes of all curves remains unvaried even
though the values of β and K change.
As for the coding gain, given by (25), it is not hard to show
that, in general, Gc decreases monotonically with α, β, γ¯I and
K yet increases monotonically with γ¯D. That is, larger number
of relaying hops (K) and stronger CCIs (β, γ¯
I
) deteriorate the
coding gain dramatically.
Special Case I (α = 1): When the desired channels
along consecutive relaying hops are assumed to be subject to
Rayleigh fading, setting α = 1 in (24) and (25) and making
some algebraic manipulations yields
Gd = 1, (26)
Gc =
2lP γ¯D
Kγ¯I
. (27)
Equation (27) demonstrates that the diversity gain is indepen-
dent of the fading shape factor β of the CCIs but is inversely
proportional to the product of K and γ¯I . This is the effect of
interference accumulation in multi-hop AF relaying when the
CCIs are taken into account, just like the well-known effect of
noise accumulation originally revealed in [6] where no CCIs
but only thermal noises were considered. Equation (27) gives
explicitly the reason why the outage probability is independent
of the values of β, as previously observed from Fig. 3.
Special Case II (β = 1): When the CCIs at the relaying
nodes and at the final destination are subject to Rayleigh fad-
ing (corresponding also to the case where each node is in-
terfered by infinite number of interfering signals, by recalling
the law of large numbers), setting β = 1 into (25) yields
Gc =
lP γ¯D
αγ¯I
( √
π
2α−1K Γ(α+ 12 )
) 1
α
, (28)
which clearly shows that larger α deteriorates the coding gain.
Remark 2 (The ASEP). With the obtained distribution func-
tions of the tight upper bound on the end-to-end SIR, the ASEP
can be readily derived by using the PDF/CDF-based method-
ology. However, since ASEP behaves like outage probability
and both of them are characterized by the above diversity and
coding gains, we do not discuss ASEP in this letter. For the
interested reader, please refer to [10].
V. CONCLUSION
This paper provided a general performance analysis of
multi-hop AF relaying in the presence of CCIs, by using a
simple but effective upper-bound on the end-to-end SIR. In
particular, the impact of external Nakagami-m faded interfer-
ences on system performance of multi-hop AF relaying was
analytically identified, by means of the diversity gain and the
coding gain. Also, the effect of interference accumulation was
firstly disclosed in this paper, and found to be in accordance
with the well-known effect of noise accumulation in multi-hop
relaying affected only by thermal noises.
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